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Abstract
We use the Melnikov method to identify chaotic behavior in geodesic motion perturbed by
the minimal length effects around a Schwarzschild black hole. Unlike the integrable unperturbed
geodesic motion, our results show that the perturbed homoclinic orbit, which is a geodesic joining
the unstable circular orbit to itself, becomes chaotic in the sense that Smale horseshoes chaotic
structure is present in phase space.
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I. INTRODUCTION
Chaos is now one of the most important ideas to understand various nonlinear phenom-
ena in general relativity. Chaos in geodesic motion can lead to astrophysical applications
and provide some important insight into AdS/CFT correspondence. However, the geodesic
motion of a point particle in the generic Kerr-Newman black hole spacetime is well known to
be integrable [1], which leads to the absence of chaos. So complicated geometries of space-
time or extra forces imposed upon the particle are introduced to study the chaotic geodesic
motion of a test particle. Examples of chaotic behavior of geodesic motion of particles in
various backgrounds were considered in [2–8]. On the other hand, the geodesic motion of
a ring string instead of a point particle has been shown to exhibit chaotic behavior in a
Schwarzschild black hole [9]. Later, the chaotic dynamics of ring strings was studied in
other black hole backgrounds [10–12].
Among the various indicators for detecting chaos, the Melnikov method is an analytical
approach applicable to near integrable perturbed systems and has as its main advantages
the fact that knowledge of the unperturbed integrable dynamics is only required [13]. The
Melnikov method has been used to discuss the chaotic behavior of geodesic motion in black
holes perturbed by gravitational waves [14, 15], electromagnetic fields [16] and a thin disc
[17]. Recently, chaos due to temporal and spatially periodic perturbations in charged AdS
black holes has also been investigated via the Melnikov method [18–21].
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The existence of a minimal measurable length has been observed in various quantum
theories of gravity such as string theory [22–25]. The generalized uncertainty principle
(GUP) was proposed to incorporate the minimal length into quantum mechanics [26, 27].
The GUP can lead to the minimal length deformed fundamental commutation relation. For
a 1D quantum system, the deformed commutator between position and momentum can take
the following form
[X,P ] = i~(1 + βP 2), (1)
where β is some deformation parameter, and the minimal length is ∆Xmin = ~
√
β. In the
context of the minimal length deformed quantum mechanics, various quantum systems have
been investigated intensively, e.g. the harmonic oscillator [28], Coulomb potential [29, 30],
gravitational well [31, 32], quantum optics [33, 34] and compact stars [35, 36]. In the classical
limit ~ → 0, the effects of the minimal length can be studied in the classical context. For
example, the minimal length effects have been analyzed for the observational tests of general
relativity [37–44], classical harmonic oscillator [45, 46], equivalence principle [47], Newtonian
potential [48], the Schroinger-Newton equation [49], the weak cosmic censorship conjecture
[50] and motion of particles near a black hole horizon [51, 52]. Moreover, the minimal
length corrections to the Hawking temperature were also obtained using the Hamilton-Jacobi
method in [53–56].
In [51], we considered the minimal length effects on motion of a massive particle near the
black hole horizon under some external potential, which was introduced to put the particle
at the unstable equilibrium outside the horizon. It was found that the minimal length
effects could make the classical trajectory in black holes more chaotic, which motivates us
to study the minimal length effects on geodesic motion in black holes. In this paper, we use
the Melnikov method to investigate the homoclinic orbit perturbed by the minimal length
effects in a Schwarzschild black hole and find that the perturbed homoclinic orbit breaks up
into a chaotic layer. For simplicity, we set ~ = c = G = 1 in this paper.
II. MELNIKOV METHOD
The Melnikov method provides a tool to determine the existence of chaos in some dy-
namical system under nonautonomous periodic perturbations. The existence of simple zeros
of the Melnikov function leads to the Smale horseshoes structure in phase space, which im-
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plies that the dynamical system is chaotic. In this section, we briefly review the classical
Melnikov method and the generalization of the Melnikov method in a system with two co-
ordinate variables, one of which is periodic. Note that [14] provides a concise introduction
to the Melnikov method.
The classical Melnikov method is applied to a dynamical system with one degree of
freedom, whose Hamiltonian is given by
H (p, q, t) = H0 (p, q) + H1 (p, q, t) . (2)
Here H0 (p, q) describes an unperturbed integrable system, H1 (p, q, t) is a nonautonomous
periodic perturbation of t with some period T , and the small parameter  controls the
perturbation. Moreover, we assume H0 (p, q) contains a hyperbolic fixed point (q0, p0) and
a homoclinic orbit (q0 (t) , p0 (t)) corresponding to this fixed point. The homoclinic orbit
(q0 (t) , p0 (t)) joins (q0, p0) to itself:
(q0 (t) , p0 (t))→ (q0, p0) as t→ ±∞. (3)
Roughly speaking, the stable/unstable manifold of a fixed point consists of points that
approach the fixed point in the limit of t → +∞/t → −∞. In the unperturbed system,
the stable manifold of (q0, p0) coincides with the unstable manifold along the homoclinic
orbit (q0 (t) , p0 (t)). When the perturbation is switched on, the fixed point (q0, p0) becomes
a single periodic orbit (q (t) , p (t)) with period T around (q0, p0). Choosing an arbitrary
initial time t0, we can define the Poincare map φt0 , which maps a point in the phase space
to its image after T along the flow of the perturbed Hamiltonian. Under the Poincare map
φt0 , (q
 (t0) , p
 (t0)) is a fixed point, and the stable and unstable manifolds of this fixed point
usually do not coincide. The distance between these manifolds measured along a direction
that is perpendicular to the unperturbed homoclinic orbit (q0 (t) , p0 (t)) is proportional to
the Melnikov function [57],
M (t0) =
∫ +∞
−∞
{H0,H1} (q0 (t) , p0 (t) , t0 + t) dt, (4)
where { , } is the Poisson bracket. It has been shown [57] that when M (t0) has a simple
zero, i.e., M (t0) = 0 and dM (t0) /dt0 6= 0, the stable and unstable manifolds intersect
transversally, which leads to a homoclinic tangle and consequently Smale horseshoes. The
presence of Smale horseshoes means the orbit turns into a chaotic layer.
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In [17], the Melnikov method was extended to a two-degrees-of-freedom system with the
Hamiltonian
H (p, q, ψ, J) = H0 (p, q, J) + H1 (p, q, ψ, J) , (5)
where the coordinate ψ is periodic, and J is its conjugate momentum. The Hamiltonian of
the system does not depend explicitly on time, and ψ can play the role of time. For the
unperturbed system, using the equation of motion ψ˙ = ∂H0 (p, q, J) /∂J , we can express the
homoclinic orbit in terms of ψ, i.e., (q0 (ψ) , p0 (ψ)). Here, the dot denotes derivative with
respect to t. Holmes & Marsden showed [58] that the Melnikov function in this two-degrees-
of-freedom system is given by
M (ψ0) =
∫ ∞
−∞
1
ψ˙ (q0 (ψ) , p0 (ψ) , J)
{
H0, H1
ψ˙
}
(q0 (ψ) , p0 (ψ) , ψ0 + ψ, J) dψ, (6)
where the Poisson bracket is only computed in terms of q and p. The Melnikov function
M (ψ0) is periodic and has the same period as ψ. When M (ψ0) has a simple zero, the
perturbation H1 makes the system chaotic.
III. CHAOS UNDER MINIMAL LENGTH EFFECTS
In this section, we use the Melnikov method to investigate the chaotic dynamics of parti-
cles around a Schwarzschild black hole under the minimal length effects. The Schwarzschild
metric is
ds2 = gµνdx
µdxν = −f (r) dt2 + dr
2
f (r)
+ r2
(
dθ2 + sin2 θdφ2
)
, (7)
where f (r) = 1 − 2M/r, and M is the black hole mass. There are various ways to study
the geodesic motion of a particle around a black hole. Specifically, the geodesics can be
obtained using the Hamilton-Jacobi method. In [42, 59], the minimal length deformed
Hamilton-Jacobi equation in a spherically symmetric black hole background was derived
by taking the WKB limit of the deformed Klein-Gordon, Dirac and Maxwell’s equations.
For the deformed fundamental commutation relation (1), the deformed Hamilton-Jacobi
equation for a massive relativistic point particle is
E
(0)
S + 2βE
(1)
S = 0, (8)
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where
E
(0)
S ≡ −
(∂tS)
2
f (r)
+ f (r) (∂rS)
2 +
(∂θS)
2
r2
+
(∂φS)
2
r2 sin2 θ
+m2,
E
(1)
S ≡ −
(∂tS)
4
f 2 (r)
+ f 2 (r) (∂rS)
4 +
(∂θS)
4
r4
+
(∂φS)
4
r4 sin4 θ
, (9)
and S is the classical action. There are no explicit t- and φ-dependence in the Hamilton-
Jacobi equation, so S is separable,
S = Sr (r) + Sθ (θ)−mEt+mLφφ, (10)
where E and Lφ have the meaning of the energy per unit mass and z-component of the
orbital angular momentum per unit mass, respectively. Since pµ = ∂µS, we can rewrite E
(0)
S
and E
(1)
S as
E
(0)
S (r, pr, θ, pθ) ≡ −
m2E2
f (r)
+ f (r) p2r +
p2θ
r2
+
m2L2φ
r2 sin2 θ
+m2,
E
(1)
S (r, pr, θ, pθ) ≡ −
m4E4
f 2 (r)
+ f 2 (r) p4r +
p4θ
r4
+
m4L4φ
r4 sin4 θ
, (11)
where pµ are the conjugate momentums.
The unperturbed Hamilton-Jacobi equation E
(0)
S = 0 describes the geodesic motion of
a particle around a Schwarzschild black hole in the usual case without the minimal length
effects. To find the unperturbed Hamiltonian, we start with the Lagrangian for a massive
relativistic point particle
L =gµν
2e
dxµ
dτ
dxµ
dτ
− em
2
2
, (12)
where τ is the world-line parameter, and e is an einbein field. The corresponding Hamiltonian
is
H0 = dx
µ
dτ
∂L
∂ (dxµ/dτ)
− L =e
2
(
gµνpµpν +m
2
)
, (13)
which is just E
(0)
S if we choose e = 2. Using the equations of motion, one can obtain the
Hamiltonian constraint H0 = 0, which is a consequence of the gauge symmetry associ-
ated with the reparameterization symmetry of τ . It is worth noting that the Hamiltonian
constraint H0 = 0 is precisely the Hamilton-Jacobi equation E(0)S = 0.
The unperturbed Hamilton-Jacobi equation E
(0)
S = 0 further leads to
pθ
m
=
√
L2 − L
2
φ
sin2 θ
,
(pr)2
m2
=
(
dr
dτ
)2
= E2 − Veff (u) , (14)
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where L is the angular momentum per unit mass, Veff (u) ≡ (1− 2u) (1 + u2L2/M2) is the
effective potential, and u ≡M/r. The radius uf and the energy Ef of the unstable circular
orbit are determined by dVeff/du = 0 and d
2Veff/du
2 < 0, which gives
uf =
1 +
√
1− 12M2/L2
6
and Ef =
√
(1− 2Muf )
(
1 + L2u2f
)
. (15)
The hyperbolic fixed point of H0 in the u-pr phase space is (uf , 0). Since pθ is not an integral
of motion for H0, a new pair of action-angle like variables J and ψ were introduced to make
the Melnikov method applicable [17]. In fact, J and ψ are given by
J ≡ 1
pi
∫ pi−arcsin(Lφ/L)
arcsin(Lφ/L)
pθdθ = m (L− Lφ) ,
ψ =
∂Sθ
∂J
=
1
m
∫
∂pθ
∂L
dθ = − arctan
 cos θ√
sin2 θ − L2φ/L2
 , (16)
which shows that ψ is periodic, and the period is pi.
The homoclinic orbit u0 (ψ) connecting uf to itself has the same energy Ef as the unstable
circular orbit and is determined by
du0 (ψ)
dψ
=
M
√
E2f − Veff (u)
L
, (17)
where we use dr/dτ = −Ldu/ (Mdψ) and eqn. (14). Integrating the above equation, one
has
u0 (ψ) = um + (uf − um) tanh2
(√
uf − um
2
ψ
)
, (18)
where um = 1/2 − 2uf and u0 (ψ → ±∞) = uf . Note that the existence of the homoclinic
orbit u0 (ψ) requires that uf > um > 0, which gives 2
√
3M < L < 4M .
In the unperturbed case, we show that the Hamilton-Jacobi equation can be interpreted
as the Hamiltonian constraint, which means H0 = E(0)S . Similarly, in the perturbed case, we
can also treat the Hamilton-Jacobi equation E
(0)
S +2βE
(1)
S = 0 as the Hamiltonian constraint,
which leads to the perturbed Hamiltonian H,
H = E(0)S + 2βE(1)S . (19)
Taking  = 2β, the perturbation H1 is then given by
H1 = E(1)S . (20)
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Using eqn. (16), we can express H0 and H1 as functions of r, pr, ψ and J ,
H0 (r, pr, J) = −m
2E2
f (r)
+ f (r) p2r +
m2L2
r2
+m2,
H1 (r, pr, ψ, J) = −m
4E4
f 2 (r)
+ f 2 (r) p4r +
m4
r4
(
L2 − L
2
φ
A (ψ)
)2
+
m4L4φ
r4A2 (ψ)
, (21)
where A (ψ) ≡ 1 + (L2φ/L2 − 1) sin2 ψ and L = J/m+ Lφ.
Substituting into eqn. (6) the homoclinic orbit (18) and the corresponding conjugate
momentum as
r0 (ψ) =
M
u0 (ψ)
and pr0 (ψ) = −
mL
M
du0 (ψ)
dψ
, (22)
the Melnikov function becomes
M (ψ0) =
∫ ∞
−∞
M2
2 (J/m+ Lφ)u20 (ψ)
{
H0, H1
ψ˙
}(
M
u0 (ψ)
,−mL
M
du0 (ψ)
dψ
, ψ0 + ψ, J
)
dψ,
(23)
where we use
ψ˙ =
∂H0
∂J
=
2 (J/m+ Lφ)u
2
0 (ψ)
M2
. (24)
We find that M (ψ0) can be rewritten as
M (ψ0) = βm5Mh
(
ψ0,
L
M
,
Lφ
M
)
, (25)
where h is some function of the dimensionless variables ψ0, L/M and Lφ/M .
The Melnikov functionM (ψ0) is quite complex and cannot be expressed in closed form.
Nevertheless, M (ψ0) can be computed numerically, and simple zeros of M (ψ0) can be
observed in its plot. Eqn. (25) shows that, except the prefactor βm5M , the behavior of
M (ψ0) only depends on two dimensionless parameters L/M and Lφ/M . So we depict how
M (ψ0) depends on L/M and Lφ/M in FIGs. 1 and 2, respectively. The Melnikov function
M (ψ0) is plotted for various values of L/M with fixed value of Lφ/M (i.e., Lφ/M = 1) in
the left panel of FIG. 1, where we take m = 1 without loss of generality. As expected, the
periodic functionM (ψ0) has same period pi as the periodic coordinate ψ. More interestingly,
M (ψ0) is shown to have simple zeros at the points ψ0 = npi/2 with n ∈ Z, which means
that the system exhibits chaotic feature. The panel also shows that the amplitude ofM (ψ0)
monotonically grows as the value of L/M increases. This behavior is also displayed in the
right panel, in which the value of M (ψ0) at ψ0 = 5pi/4 is plotted against L/M . In the left
panel of FIG. 2,M (ψ0) is plotted for various values of Lφ/M with fixed value of L/M (i.e.,
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ψ0=5π/4, Lϕ=M
FIG. 1: Dependence of the Melnikov function M (ψ0) on the angular momentum L. We take m = 1 and
Lφ = M . Left Panel: M (ψ0) as a function of ψ0 for various values of L. It shows thatM (ψ0) is a periodic
function with the period of pi, and M (ψ0) has simple zeros at the points ψ0 = npi/2 with n ∈ Z. Right
Panel: M (ψ0 = 5pi/4) as a function of L/M on the interval of 2
√
3 < L/M < 4. The amplitude ofM (ψ0)
increases with increasing L.
Lϕ=2.8M
Lϕ=3.1M
Lϕ=3.4M
Lϕ=3.6M
Lϕ=2.5M
Lϕ=2.2M
Lϕ=2M
Lϕ=M
2 4 6 8 10
ψ0
-0.006
-0.004
-0.002
0.002
0.004
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M(ψ0)
L=3.7M
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Lϕ/M
-0.004
-0.002
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C
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FIG. 2: Dependence of the Melnikov function M (ψ0) on the z-component of the angular momentum Lφ.
We take m = 1 and L = 3.7M . Left Panel: M (ψ0) as a function of ψ0 for various values of Lφ. M (ψ0)
has simple zeros at the points ψ0 = npi/2 with n ∈ Z. Right Panel: M (ψ0 = 5pi/4) as a function of Lφ/M
on the interval of 0 ≤ Lφ ≤ L. M (ψ0) = 0 when Lφ = 0, Lφ = L and at the point C, where Lφ/M ' 1.53.
The amplitude of M (ψ0) has two local maximum values at Lφ/M ' 0.63 and 2.80, respectively.
L/M = 3.7). It also shows thatM (ψ0) oscillates around zero withM (ψ0) = 0 at ψ0 = npi/2
with n ∈ Z. The Melnikov function M (ψ0) is shown to have the maximum amplitude at
Lφ/M ' 2.8. To better illustrate the dependence of the amplitude of M (ψ0) on Lφ/M , we
plot M (ψ0 = 5pi/4) as a function of Lφ/M in the right panel of FIG. 2, in which two local
maxima of the amplitude of M (ψ0) at Lφ/M ' 0.63 and 2.80 can be seen. The amplitude
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of M (ψ0) is zero for Lφ = 0 and Lφ = L, which is expected since the integrand in eqn.
(23) is periodic and independent of ψ0 when Lφ = 0 and Lφ = L (can be seen from eqn.
(21)). Moreover, it displays that the amplitude of M (ψ0) is also zero for Lφ/M ' 1.53.
So M (ψ0) = 0 for Lφ = 0, Lφ/M = L/M = 3.7 and Lφ/M ' 1.53, which means that the
homoclinic orbit is preserved, and hence there is no occurrence of Smale horseshoes chaotic
motion in these cases.
IV. CONCLUSION
In this paper, we used the Melnikov method to investigate the chaotic behavior in geodesic
motion on a Schwarzschild metric perturbed by the minimal length effects. The unperturbed
system is well known to be integrable. For the near integrable perturbed system, the Mel-
nikov method is very powerful to detect the presence of chaotic structure by tracing simple
zeros of the Melnikov function M (ψ0). After the perturbed Hamiltonian for a massive
particle of angular momentum per unit mass L and z-component of the orbital angular
momentum per unit mass Lφ was obtained, the Melnikov function M (ψ0) was numerically
evaluated by using the higher-dimensional generalization of the Melnikov method. We make
three observations regarding M (ψ0):
• When Lφ = 0, L and LC with 0 < LC < L, M (ψ0) = 0, which implies that no Smale
horseshoes chaotic motion is present in the perturbed system.
• When the amplitude of M (ψ0) is not zero, M (ψ0) is a periodic function with the
period of pi, and has simple zeros at ψ0 = npi/2 with n ∈ Z, which signals the
appearance of Smale horseshoes chaotic structure in the perturbed system.
• The amplitude ofM (ψ0) increases as L increases with fixed Lφ. When L is fixed, the
amplitude of M (ψ0) as a function of Lφ has two local maxima.
The Melnikov’s method provides necessary but not sufficient condition for chaos and
serves as an independent check on numerical tests for chaos. So it would be interesting to
use other chaos indicators, e.g., the Poincare surfaces of section, the Lyapunov characteristic
exponents and the method of fractal basin boundaries, to detect chaotic behavior in systems
perturbed by the minimal length effects. In [51], we calculated the minimal length effects on
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the Lyapunov exponent of a massive particle perturbed away from an unstable equilibrium
near the black hole horizon and found that the classical trajectory in black holes becomes
more chaotic, which is consistent with the chaotic behavior found in this paper. Finally,
the minimal length effects on the dual conformal field theory was analyzed in [60]. It is
tempting to understand the holographic aspects of these chaotic behavior.
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